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> 

(Sj ; 1 Introduction and Results 

In this article we investigate a norm-inequality of the linear operators which obey a generalized weak 
r^* ' commutation relation of a type of the Heisenberg-Lie algebra, and consider its application to the theory of 

the time operator QUI, and an abstract Dirac operator. Let X = {XyW^, Y = {Yj} f - =l and Z = {Zj} N - x 
be symmetric operators on a Hilbert space "K. The weak commutator of operators A and B is defined for 

V G D(A) n T)(B) and G D(A*) n T>(B*) by 



>< ■ [A,B] W (4>,V) = (A>,fivO - (B*(j),A ¥ ). 

H ' 

Here the inner product has a linearity of (r\,ay + j30) = a{r],\\r) + /J(t7,0) for a,/3 G C. We assume 

that (X, Y,Z) satisfies the following conditions. 
(A.l) Zj, 1 < j < N, is bounded operator. 

(A.2) Let T> x = f]^ =l V(Xj) and T> Y = cfj =x 'D(? ] ). It follows that for 0, y G D x n D Y , 

[X b Z^^, W ) = [F,-,Z Z TO >V ) = 

Note that [Zj,Zi]y = follows for y/" G "K, since Zj, j = 1,--- ,N, is bounded. In this article we 
consider an generalization of the inequality 

1 ' ' M2j„ / 4 /* IV7,.^\|2. 



7|M (r)| 2 Jr < — - — - / |V M (r)| z Jr, W > 3. 

r~ |r| 2 ' v " (Af-2) 2 V 



JV 



This inequality is a basic one of Hardy's uncertainty principle inequalities. For Hardy's uncertainty 
inequalities, refer to e.g. ll5ll6l[T3l. 

Let us introduce the additional conditions. 

(A.3) Xj is self-adjoint for all l<j<N. 

(A.4) X{ and Z/ strongly commutes for all 1 < j < N and I <l <N . 

Sicne Zy, j = 1, ■ - ■ ,N, is bounded self-adjoint operator, we can set Ami n (Z) and A max (Z) by 

AminCZ) = min infa(Zy), 

l<j<N J 

Amax(Z) = max sap a (Zj), 

l<j<N J 

where o{0) denotes the spectrum of the operator O. 



Theorem 1 Assume (A.l)-(AJ). Let *F G T>(\X\- 1 ) n T> x n D Y . T/ie« the following (1) and (2) hold 

(1) If NX m j„(Z) — 2X max (Z) > 0, it follows that 



\X\- lx ¥ 



N 



< 



(Nk m in (Z) — 2A maJC (Z) ) j = ] 



F,-V 



(1) 



(2) 7/" 2X min (Z) - NX max (Z) > 0, it follows that 



\xr lx ¥ 



N 



< 



( 2 A„„-„ (Z ) — NX max (Z ) ) y_ j 



F 7 ¥ 



(2) 



Before proving Theorem [Q let us consider the replacement of X and Y in Theorem 1. Let us introduce 
the following conditions substitute for (A.3) and (A.4). 

(A.5) Yj is self-adjoint for all l<j<N. 

(A.6) Yj and Z\ strongly commutes for all 1 < j < N and I <l <N . 

It is seen from (A.2), that 

[Yj,X,r^, ¥ ) = 8jj^,i(-Zj) ¥ ), ffeBxnDy. (3) 

Note that infa(— Zy) = — sup(Z ; ) and sup(— Zy) = — infa(Z ; ) follow. Then we obtain a following 
corollary : 



Corollary 2 Assume (A.1)-(A.2) and (A.5)-(A.6). Let *¥ G ©(lY^ 1 ) n T) x n D Y - ™e« the following (1) 

and (2) hold. 

(1) If 2X min (Z)-NX max (Z) > 0, it follows that 



\Y\- ly ¥ 



N 



< 



(2A m ,-„(Z) — NX max (Z)) y = i 



X y ¥ 



(2) // NX min {Z) - 2A m ,„(Z) > 0, it follows that 



(4) 



lYr 1 ^ 



< 



{NXjnin (Z) — 2A maJ (Z) ) y = ! 



X,* 



(5) 



(Proof of Theorem []) 

(l)Let ^ G ©(IXI -1 ) n D x n D Y . For £ >0 and ? >0, it is seen that 

|| (F 7 - - /fX 7 -(X 2 + e)- 1 ) ^|| 2 = lliyFH 2 -it[Y j ,X j (X 2 + e)- 1 } w (y,y) + t 2 \\Xj(X 2 + £)-^\\ 2 . (6) 

We see that 

[F 7 ,X 7 -(X 2 + £ )- 1 ] w (^^) = \rj,XjF(W,(X 2 + e)- l W)+\Yj, (X 2 + e)- 1 r(X j ^^). (7) 

From (A.2) and (A.4), we obtain that 

[y / ,X / ] w ('F,(X 2 + e)- 1 'F) = -r((X 2 + £)- 1/2 ^,Z y -(X 2 + £)- 1/2 »F). (8) 

Note that for a symmetric operator A and the non-negative symmetric operator B, the resolvent formula 
]A,(B + k)- l ] w (v,u) = [fl,A] w ((fl + A) _1 v, (B + X)- l u) for A >0 follows. Then by using this formura, 
(A.2) and (A.4) yield that 

[Yj, (X 2 + e)- 1 ] w (X/F,'F) = 2i(Xj(X 2 + ey l u,ZjXj(X 2 + e)- l u) (9) 

Since || (Yj - itXj(X 2 + e)" 1 ) w|| 2 > and t> 0, we see from ©, © and © that 

ll^ll 2 

> -t 2 \\X j (X 2 + ey 1 u\\ 2 +t {(X 2 + sy l/2x ¥, Zj{X 2 + s)- l/2 u) -2t(Xj{X 2 + e)- l u , ZjXj(X 2 + sy lx ¥) 



> ( -? 2 -2fA max (Z))||^(X 2 + £)- 1 M || 2 +?A mm (Z)||(X 2 + £)- 1 /2»j/|| 



(10) 



Then we have that 

£ \\YjW\\ 2 > ( -t 2 -2tX mdX (Z)) |||X|(X 2 + £)-V|| 2 +^A mm (Z)||(X 2 + £)- 1 / 2 ^||. (11) 
j=i 

Notethatlim|||X|(X 2 + £)- 1 »F|| 2 = |||X|- 1, P|| and lim \\(X 2 + e)-^ 2x ¥\\ = |||X|- 1 »P|| =0 follow from 

£->-0 e->0 

the spectral decomposition theorem. Then we have 



N 



£P/¥|| 2 > (-f 2 + (^VA min (Z)-2A max (Z))?) 



\X\~ lx ¥ 



(12) 



By taking t = JVAmi ' l(Z) 2 2;imax(Z) > in the right side of (O, we obtain (1). 

(2) By computing || (F, + itXj(X 2 + e) _1 ) I'll for t > and e > 0, in a similar way of (1), we see that 

ll^ll 2 

> -t 2 \\X j (X 2 + e)- 1 u\\ 2 -t ((X 2 + ey l/2x ¥, Zj(X 2 + ey l/2 u) + 2t(Xj{X 2 + ey l u , ZjXj(X 2 + ey lx ¥) 

> ( -t 2 + 2tX min {Z)) \\Xj(X 2 + e)- l u\\ 2 -?A 1Tiax (Z)||(X 2 + £ )- 1 / 2 ^||. (13) 
Then by taking e — > in the right side of (fT3l . it follows that 

EII^'PII 2 > (-f 2 + (2A 1Tlin (Z)-^A max (Z))f) ixr 1 ^ . (14) 

By taking f = (2Amin(Z) ~ AfAmax(Z)) > in dJ), we obtain (2). ■ 



2 Applications 

2.1 Time-Energy Uncertainty inequality 

In this subsection we consider an applicaion to the theory of time operators J2J 13. Let H, T, and 
C be linear operators on a Hilbert space H. It is said that H has the weak time operator T with the 
uncommutative factor C if (H, T,C) satisfy the following conditions. 

(T.l) H and T are symmetric. 

(T.2) C is bounded and self-adjoint. 

(T.3) It follows that for <j>,yf£ D(H) n T>(T), 

[7\ffTO,¥0 = (0,Cv). 
(T.4) 

V/e(kerC)^\{0} HV^II 2 

Assume that (H,T,C) satisfies (T.1)-(T.4). Then by using ||Aw|| ||5k|| > \ha(Au,Bu)\ > \ \ [A,B] w (u,u)\, 
it is seen that (H,T,C) satisfies the time-energy uncertainty inequality (0, Proposition4.1): 

II (H-<H >wW|| II (T-<T> w )\ir\\ Sr , „ _, , 

^ IW " f' ^G^(^)n©(r), (15) 

where < >^ = (yA, O^). From (2) in Theorem[T]and (1) in Corollary 2, we obtain another type of the 
inequality between T and H : 



Corollary 3 (Time-Energy Uncertainty Inequalities) 

Assume (T.1)-(T.3). Then the following (i) and ( ii) hold. 

(i) If T is self-adjoint, C and T strongly commute, and supa(C) < 2 infer (C), it follows that for \j/ G 

D(|r|- 1 )n!D(r)n t>{h), 

2 



|r|"V 



< 



HV 



(16) 



2infa(C)-supa(C) 
(ii) If H is self-adjoint, C and H strongly commute, and supa(C) < 2infa(C), it follows that for \y G 

v(\H\- l )nV(H)nV(T), 

2 



l#rV 



< 



2infa(C)-supa(C) 



TV 



(17) 



2.2 Abstract Dirac Operators with Coulomb Potential 



Next tit us consider the application to abstract Dirac operators. We consider the self-adjoint operators 
P = {Pj}J =l and Q = {Qj}f =1 on a Hilbert space K. Let us set a subspace ID C Hjj (T>(Pj) n D(<2/)). 
It is said that (IK, ID, P, Q)# is the weak representaion of the CCR with degree N, if D is dense in K and 
it follows that for <j>, \j/ G ID, 

[Pj,QiF{<l>,Y) = i8jj(<t>, ¥ ), 
[Pj,P,r(<i>, ¥ ) = [Qj,Qi] w (<!>,¥) = 0. 

Let us define an abstract Dirac operator as follows. Let (IK, D,P,Q)3 be the weak representation of 
the CCR with degree three. Let A = {Ay}y =1 and B be the bounded self-adjoint operators on a Hilbert 
space IK. Here A = {AyK_j and B satisfy the canonical anti-commutation relations {Ay, A/} = 2Sjj, 
{Aj,B} = 0, B 2 = 1% where 1% is the identity operator on X. The state Hilbert space space is defined by 
Koirac = X (8> IK. The free abstract Dirac operator is defiend by 



H () 



Here we assume the following condition. 



Z,Aj®P j + Bi 



)M. 



(D.l) Pj and P/ strongly commute for 1 < j < 3, 1 < / < 3. Pj, 1 < j < 3, and M strongly 
commute. 



-M 2 ) *¥ for *¥ G D. The abstract Dirac Operator with the Coulomb 



Then it is seen that fl^P = ( : 
potential is defined by 

H(k) = H + KlxQlQl- 1 , 

where K G R is a parameter called the coupling constant. We assume that the following condition 

(D.2) It follows that ID C ©(Ql -1 ). 
Then it follows from (1) in Theorem Q] that for yeB, 

3 

p3c®iQrvn 2 < ^wpjn 2 <4\\h v\\ 2 - 

Hence by the Kato-Rellich theorem, we obtaine the following corollary. 



Corollary 4 Assume (D.l) and (D.2). Then for |jc| < ~> H(k) is essentially self-adjoint on T>. 
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